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The main difficulty of the Cauchy equation is that there is no domain in which
the desired solution must be determined. This situation leads to the
complexity of finding the answer. The study presents a solution of the Cauchy
problem at any values. The achievement of the set goal will enable solving
one of the key problems of gas dynamics. To that end, it is necessary to define
the solution, since a solution in a classical form is nonexistent for this type of
equations. We presented an algorithm for the construction of periodic, in
terms of variables, solutions of the system in first order partial derivatives.
The study found a sufficient condition of existence of periodic, in terms of
variables, solutions in the broad sense of differential equation systems in
partial derivatives.

© 2018 The Authors. Published by IASE. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Differential equations are a basic mathematical
tool that is used to model various physical laws and
phenomena (Perko, 2013; Filippov, 2013; Browder,
2016). Systems of linear and quasilinear hyperbolic
equations often emerge during the mathematical
modeling of various oscillatory processes (Kang,
2014) that occur in a solid medium, when studying
the flow of combustible gases and liquids, filtration
problems, and the shallow water theory. Triangular
block linear systems in first order partial derivatives
simplify the construction of principal matrix
solutions of linear systems, since the first equation of
the system can be regarded as an equation with an
identical main part.

Nowadays, the theory of differential equations is
the basis of engineering, physical, and chemical
calculations in science and industry (Butcher, 2016;
Polyanin and Nazaikinskii, 2015; Edwards and
Penney, 2014). Thus, the theory of differential
equations serves as a source for modern exact
sciences (Nemytskii, 2015; Bluman and Kumei,
2013). Differential equations also play a major role
in other sciences, such as economics, biology,
electrical engineering, etc. In fact, they are
encountered everywhere, where a quantitative
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description of phenomena is required (Amel’kin,
1990). The classical solutions of nonlinear equations
are characterized by an infinite increase of the value
of derivatives, which is called a gradient catastrophe.
The essence of this property lies in the fact that with
any arbitrarily smooth initial values, the first
derivatives remain limited for a finite time only. At a
certain t, > 0, they become unlimited. At t > t,, a
classical solution of the set Cauchy problem is
nonexistent (for instance, a shockwave that is
formed by a contraction wave). Thus, in order to
determine the solution of the Cauchy problem at any
t values, i.e, in general (the main problem of gas
dynamics), it is necessary to define the solution,
since, as was mentioned above, a solution in its
classical form is nonexistent.

2. Materials and methods

In most physical problems, the definition of the
generalized solutions is dictated by the setting of the
problem (for instance, in gas dynamics, the main
physical laws are the laws of conservation of mass,
impulse, and energy, while the generalized solution
is defined as a flow that satisfies these main laws).
Based on work by Friedrichs (1948), the generalized
solution of a system in partial derivatives is called a
broad-sense solution. Consider a hyperbolic linear
system

Dlx = Pll(tr (p,l/))x +f1(tr (p'lp)
Dyx = Py (8, 0, P)x + Por(t, 0, 0)y + fo(t, @, 9)

(1)
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where

t € (—0,+)R, ¢ = (@1, ..., ;) €ER™,
l/} = (1/)1' ""ka) € Rk
'x = (xl’ ""xnl)'y = (yl' ""ynz)

are the sought vector functions, D; and D, are
differential operators

— 9 ] k 3
Dy =g+ Xy (60,95 -+ X by (o) 5

_29 4 . v
D, =+ Xt az5 (80, 9) PP ko1 by (60, ) 7

Pii(t, @) —n; X n; - matrices, (i,j =1,2), which
are periodic and limited

[IPyll < &,
Pyt + 6,0+ qu, ) =
= Py(t, ¢, %) € C(R X R™ x R¥)
il < kg,

fl(t + 0r¢ + qa),l/} =
fi(t, @, ) € C(R x R™ x R¥
a11(6, 9, 9), a21(t, 0, 9),
by1(t, @, 9), by (t, 9, 9)

(2)

3)

continuous vector dimension functions, m, k,

respectively, which are periodic and smooth

@t +6,¢ +qup) =

a1t oY) € Ct(’?l;’li)(R X R™ x R¥
By(t+6,¢+qwy) =

bu(t, @, 9) € Clgy (R X R™ x R¥

(4)

and limited, with a norm that maximizes the
Euclidian metrics of the vector function

llagl < oo, ||%aij < ayo, ”%ai,-” < agy,

55l < Boo,
Iz b | < 1o 55 55| < s

for all integer vectors ¢ = (qq, ... qm) EZ X .. X Z =
Z™, Z- is a set of integers. Periods wy = 6, w4, ..., Wy,
are rationally incommensurable and constant, qw =
(q1w1,q2 w5, ..., @mwy,) is the vector of multiple
periods, w = (Wq, ., W), i,j,l=12.
200, Boo, %10, B1o» Xo1, Bo1 are positive constants.

3. Definition

A continuous in R X R™ x R¥ function z(t, ¢, ) =
x(t, @, ), y(t, @, ¢)) is called a multiperiodic, in
terms of variables, solution of system (1) in the
broad sense if it is multiperiodic at t, ¢ with a period
vector of (6,w) limited in all wvariables and
continuously differentiated for variable t along the
characteristics
A (t to, @0, Wo), 81 (& to, Po, Wo)}

and

{}\2 (t: tOﬁ (pO: lIJO)! EZ (t! tO! (PO; L|JO)};
at that, for full derivatives for t, the following
identities are satisfied
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(5)

dy
2 = Paix + Py

where

x = x(t, A1(t, to, Po, o), € (t, to, 90, o))

Piy = Py (t, 21 (t, to, 90, Y0), §1 (L, to, 90, o))
y = y(t, 22(t, to, o, Wo), E(t, to, 90, Po)) Paz =
Poy (t, A% (t, to, 9o, o), E2(t, to, 9o, o))

Pyy = Py (8, A1 (t, to, 00, P0), € (¢, to, 90, Po))
Pyy = Py (t, 22(t, to, 00, o), §2 (L, to, 90, o))

The task is to study the existence of
multiperiodic, in terms of variables, broad-sense
solutions of system (1).

In order to find the characteristics of the function
of differential operators, the following systems of
ordinary differential equations:

d
d_(f = a21(t, @, l/))
d
d_lf = b21(t1 P, lp)

d
d_(f = all(tr @, l/))
d
d_lf = by1(t, @, 9)

solutions

¢ = Al (tr tO' Po, ll)O)r l/) = El (t' tOr Po, ll)O)
and

¢ = AZ (tr tO' Po, IIJO)I
1/} = fz(t' tOr Po, IPO)

of the two systems of ordinary differential equations
with initial data (¢, to, @0, o) € R X R™ X R* under
conditions (4) are determined globally at t € R.

Let us find the principal matrix solution of a
homogenous system that corresponds with system
(1) in a fashion similar to (Bekbauova et al,, 2010).
To that end, consider the following integral
equations:

X(t, ¢, 0, to, A (o, t, 0, 9), I (to, £, 0, ) =
Xo(f' (;b' 1,[), tO! Al(fo' t, P, ll))' (1(t0! t, ®, 1/))) +
+ [ Xot, 65,21 (5, 6,6, ), S (5,66, ).
Pio(s,t,¢,9), 04 (s, t, 9, 9)) X

sAM(s,td).¢ (s,t,d,) b,
XY (el St ) ds,

Y(t, ¢l l,[), to/lz (tOtr ¢r 1.0)‘ 52@0’5‘ ¢r 11’))

= Y(tj (tr ¢r Irbr tOA2 (tOtl ¢l l;[})r fz(fot' ¢l 1/)))

+ fto YO (t' ¢' lp' S, AZ (S, t! ¢' l/J), ZZ (S' t' (l)' lp))
PZI(SJ AZ (S' t! ¢' lp)! (Z(SJ t: d); 1/1)) X

5,A2(s,t,p,),.$2 (s,t,0,0), o,
XX (i et ) ds,

4., Results and discussions

In order to solve the system of integral equations,
we use the method of successive approximation and
study the convergence of series, similar to
(Bekbauova et al,, 2010). Consequently, the diagonal
matrix

1 (tdP.toA  (tot. )3 (Eot, ) _ q:
A FAGOTAUN ) = diaglX,Y]
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is a broad-sense solution of the corresponding linear
homogenous system (1) and satisfies the initial
condition

Zl (tO' @, 1/)' tO' @, l/}, @, l/))) =F

which we will call the principal matrix solution of
system (1) in the broad sense, where E is an identity
matrix.

Assume that the principal matrix solution has the
following property

1 (t.d.tod (Lot P). (ot ), —y(t—to)
|Z (AZ(tot.¢.w>.<2(tor.¢.w) )| < Bie °

(5)
where t > t,, B = const > 1, y = min{y;,y,} > 0.

Since under conditions (2), (4), and (5), any
broad-sense solution z(t, o, ) =
(x(t, o, ¥), y(t, @, )) of a linear homogenous system
can be presented in the following form

z(t, . P) =
21(t,w.w.to,al(%.t.w.zﬁ).(i(to.t.qo.w).) %
A (tot )33 (tot. 0 )

xu(A! (to,t.p).S 1(tot.¢>.tm.)

22 (to,t,p ) G2 (Lo t,0)

where

@t (to'tlﬂ'll)).(l(tot'(i)'lp)') —

(to,t, 0. P).52 (Lo, t.0)

— (V(ll (to,t, ). (tot, ) )
w(A%(to,t,p).S2 (Lot )

The initial function satisfies

condition:

the following

u((p, 1/’) = (ul(q)' 1/’): ---'un(q)rlp));
u((p, +qw, 1)[)) = u(q)' 1/1) € C(Rm X Rk)! q € zm,

with a norm of

llull = sup, /Z}‘_luf(qo,w),
R™MXR

Theorem 1: Under conditions (2), (4), and (5), the
linear system has no (6, w) periodic solutions except
the zero-state solution.

Theorem 2: Assume conditions (2), (3), (4), and (5)
are met. Then the linear nonhomogeneous system
(1) has a single multiperiodic, in terms of variables,
broad-sense solution.

(o) = [ X

& 0,52 (s, t,0,¥), 8 (5, t, 0, )
X fi(s, (s, t,0,9), &' (s, t, 0,9) )ds
X fi(s, (s, t,0,9),E' (s, t, 0,9))ds
(t, 0.9, 5,4%(s,t, 0,1),E%(s,t, 0, 1))
X fo(s,A%(s, t, 0, 9), %(s, t, 0, 9) )ds

N BK
Il (6. g, 9l < 22

63

ly* (e o, )l < 22
where
Ifll= sup I oW =K

RXR™XR
Izl = sup lf2t . )l =K,
RXR™xRk

5. Conclusion

Thus, the proposed estimations reduce the
number of calculations in comparison to other
methods. The achievement of the set goal enables
theoretically solving one of the most complex
problems of gas dynamics.

The study showed the conditions of existence and
uniqueness of a multiperiodic, in terms of variables,
broad-sense solution of linear systems of differential
equations in first order partial derivatives with an
identical main part.
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